in theoretical physics, such as, the problem of mass hierarchy, the explanation of dark energy, dark matter and inflation etc., [2] . Moreover, extra dimensions become also important in theories of grand unification trying of incorporating gravity and gauge interactions in a theory of everyting.
In this respect, it is well known that extra dimensions have a fundamental role in the developing of string theory, since all versions of the theory are formulated in a spacetime of more than four dimensions [3, 4] . For some time, however, it was conventional to assume that in string theory such extra dimensions were compactified to complex manifolds of small sizes about the order of the Planck length, ℓ P ∼ 10 −33 cm [4, 5] , or they could be even of lower size independently of the Plank Length [6] [7] [8] ; in this respect, the compactification process is a crucial step in the construction of models with extra dimensions [9, 10] .
By taking into account the ideas explained above, in this paper we perform the Hamiltonian analysis of Proca's theory in 5D with a compact dimension. It is well know that four dimensional Proca's theory is not a gauge theory, the theory describes a massive vector field and the physical degrees of freedom are three, this is, the addition of a mass term to Maxwell theory breaks the gauge invariance of the theory and adds one physical degree of freedom to electromagnetic degrees of freedom [11, 12] . Hence, in the present work, we study the effects of the compact extra dimension on a 5D Proca's theory. Our study is based on a pure Dirac's analysis, this means that we will develop all Dirac's steps in order to obtain a complete canonical analysis of the theory [13] [14] [15] [16] . We shall find the full constraints of the theory, the extended Hamiltonian and we will determine the full Lagrange multipliers in order to construct the extended action. Usually from consistency of the constraints it is not possible to determine the complete set of Lagrange multipliers, so a pure Dirac's analysis becomes relevant to determine all them. Finally, we develop the Hamiltonian study of a 5D BF -like theory plus a massive term. We perform the campactactification process and we analyse the effective action. In particular, we show that the BF -like theory plus a massive term is a reducible system before and after the compactification process. All these ideas will be clarified along the paper.
The paper is organized as follows: In Sect. I, we analyze a Proca's theory in 5D, after performing the compactification process on a S 1 /Z 2 orbifold we obtain a 4D effective Lagrangian. We perform the Hamiltonian analysis and we obtain the complete constraints of the theory, the full Lagrange multipliers associated to the second class constraints and we construct the extended action. In addition, we carryout the counting of physical degrees of freedom. Additionally, in Sect. II, we perform the Hamiltonian analysis for a 5D BF -like theory with a Proca's mass term; we also perform the compactification process on a S 1 /Z 2 orbifold, and we obtain the effective action after the compactification process. We show that for this theory there exist reducibility conditions among the first class constraints associated with the zero mode and the excited modes. Finally we carry out the counting of physical degrees of freedom. In Sect. III, we present some remarks and prospects.
II. HAMILTONIAN DYNAMICS FOR PROCA THEORY IN FIVE DIMENSIONS WITH A COMPACT DIMENSION
In this section, we shall perform the canonical analysis for Proca's theory in five dimensions, then we will perform the compactfication process on a S 1 /Z 2 orbifold. For this aim, the notation that we will use along the paper is the following: the capital latin indices M, N run over 0, 1, 2, 3, 5,
here as usual, 5 label the compact dimension. The M, N indices can be raised and lowered by the five-dimensional Minkowski metric η MN = (−1, 1, 1, 1, 1); y will represent the coordinate in the compact dimension, x µ the coordinates that label the points of the four-dimensional manifold M 4
and µ, ν = 0, 1, 2, 3 are spacetime indices; furthermore we will suppose that the compact dimension is a S 1 /Z 2 orbifold whose radius is R.
The Proca's Lagrangian in five dimensions without sources is given by
where
Because of the compactification of the fifth dimension will be carry out on a S 1 /Z 2 orbifold of radius R, such a choose imposes parity and periodic conditions on the gauge fields given by
thus, the fields can be expanded in terms of Fourier series as follows
We shall suppose that the number of KK-modes is k, and we will take the limit k → ∞ at the end of the calculations, thus, n = 1, 2, 3...k − 1. Moreover, by expanding the five dimensional Lagrangian L 5p , takes the following form
Now, by inserting (3) into (4), and after performing the integration on the y coordinate, we obtain the following 4D effective Lagrangian
The terms given by
are called the zero mode of the Proca theory [11, 12] , and the following terms are identified as a tower of KK-modes [17] .
In order to perform the Hamiltonian analysis, we observe that the theory is singular. In fact, it is straightforward to observe that the Hessian for the zero mode given by
has detW (0) = 0, rank= 3 and one null vector. Furthermore, the Hessian of the KK-modes has the following form
and has detW (l) = 0, rank= 4k − 4 and k − 1 null vectors. Thus, a pure Dirac's method calls the definition of the canonical momenta (
From the null vectors we identify the following k primary constraints
Hence, the canonical Hamiltonian is given by
by using the primary constraints, we identify the primary Hamiltonian
are Lagrange multipliers enforcing the constraints.
Hence, from the consistency of the constraints we find thaṫ
Therefore there are the following secondary constraints
On the other hand, the concistency of seconday constraints implies thaṫ
For this theory there are not third contraints.
By following with the method, we need to identify the first class and second class constraints. For this step we calculate the Poisson brackets among the primary and secondary constraints for the zero mode, obtaining
The matrix W αβ ′ (0) has a rank= 2, therefore the constraints found for the zero mode are of second class. In the same way, the Poisson brackets among the constraints related for the KK-modes, we
the matrix W ′ αβ(n) has a rank= 2(k − 1), thus, the constraints associated to the KK-modes are of second class as well. In this manner, the counting of physical degrees of freedom is given in the following way: there are 10k − 2 dynamical variables, and 2k − 2 + 2 = 2k second class constraints, there are not first class constraints. Therefore, the number of physical degrees of freedom is 4k − 1.
It is important to note that for k = 1 we obtain the three degrees of freedom of a four dimensional Proca's theory which is identified with the zero mode [11, 12] .
Furthermore, we found 2k second class constraints, which implies that 2k Lagrange multipliers must be fixed; however, we have found only k given in the expressions (15) and (16) . Hence, let us to find the full Lagrange multipliers; it is important to comment that usually the Lagrange multipliers can be determined by means consistency conditions, however, for the theory under study this is not possible because some of them did not emerge from the consistency of the constraints. In order to construct the extended action and the extended Hamiltonian, we need identify all the Lagrange multipliers, hence, for this important step, we can find the Lagrange multipliers by means oḟ
Therefore the Lagrange multipliers are given by [16] 
In this manner, for the zero mode we obtain
and its inverse is given by
so, for the constraints associated with the zero modes, h (0) is given by
therefore, by using (19) and (20) we can determine the Lagrange multipliers associated with the zero modes,
In the same way, for the KK-modes we observe that
where the inverse is
so, for the constraints associated with the excited modes, h (n) is given by
additionally by using (19) we obtain
thus, the Lagrange multipliers associated for the second class constraints of the KK-modes read
Hence, we have seen that by using a pure Dirac's method we were able to identify all Lagrange multipliers of the theory. In fact, Lagrange multipliers are essential in order to construct the extended action. It is interesting to point out that in [11, 12] the complete Lagrange multipliers were not reported, thus, our approach extend the results reported in these works.
On the other hand, by using the matrix C it is straightforward to calculate the Dirac's brackets of the theory, thus, we have a complete hamiltonian description of the system.
By using all our results, we are able to identify the extended action, hence by calling to the second class constraints as
now, by using the second class constraints and the Lagrange multipliers found for the zero mode and the excited modes, the extended action has the following expression
are Lagrange multipliers enforcing the second class constraints. From the extended action, we are able to identify the extended Hamiltonian given by
It is worth to comment that there are not first class constraints, therefore there is not gauge symmetry; the system under study is not a gauge theory and we are able to observe from (5) that
µ is a massive vector field with a mass term given by (m 2 + n 2 R 2 ) and A
5
(n) is a massive scalar field with a mass term given by m 2 .
III. HAMILTONIAN DYNAMICS FOR A BF-LIKE THEORY PLUS A PROCA TERM IN FIVE DIMENSIONS WITH A COMPACT DIMENSION
In this section we shall analyze the following action
here B MN = −B N M is an antisymmetric field, and A M is the connexion. The Hamiltonian analysis of the BF -like term has been developed in [18] , the theory is devoid of physical degrees of freedom, the first class constraints present reducibility conditions and the extended Hamiltonian is a linear combination of first class constrains. Hence, it is an interesting exercise to perform the analysis of the action (26) in the context of extra dimensions. We expect that the massive term gives physical degrees of freedom to the full action and it breaks down the general covariance of the theory.
We shall resume the complete Hamiltonian analysis of (26); thus, we perform the 4+1 decomposition, and then we will carry out the compactification process on a S 1 /Z 2 orbifold in order to obtain the following effective Lagrangian,
By performing the Hamiltonian analysis of the action (27) we obtain the following results: there are 6 first class constraints for the zero mode
here, Π
are canonically conjugate to B 
thus, with that information we carry out the counting the physical degrees of freedom for the zero mode, we find that there is one physical degree of freedom. In fact, the massive term adds that degree of freedom to the theory, just like Proca's term to Maxwell theory.
On the other hand, for the exited modes there are 12k − 12 first class constraints given by
however, also these constraints are not independent because there exist the following reducibility conditions; there are k − 1 conditions given by ǫ ijk ∂ i γ (n) jk = 0, and 3(k − 1) conditions given by 
In this manner, by performing the counting of physical degrees of freedom we find that there are 2k − 2 physical degrees of freedom for the excited modes. So, for the full theory zero modes plus KK-modes, there are 2k − 1 physical degrees of freedom. Therefore, the theory present reducibility conditions among the constraints of the zero mode and the constraints of the KK-modes. We observe from the first class constraints that the variable A (n) µ has a mass term given by m 2 and is not a gauge field. On the other hand, B
(n) ij is a massless gauge field.
IV. CONCLUSSIONS AND PROSPECTS
In this paper, we have developed the Hamiltonian analysis for a 5D Proca's theory in the context of extra dimensions. By performing the compactification process on an orbifold we obtained the complete canonical description of the theory. We obtained the complete set of constraints, the full Lagrange multipliers and the extended action. From our results we conclude that the theory is not a gauge theory, there are only second class constraints. Thus, 5D Proca's theory with a compact dimension, describes the propagation of a massive vector field associated with the zero mode plus a tower of excited massive vector fields whose mass depend of the number of modes, and a massive scalar field. It is remarkable that after the compactification process the theory is not a gauge theory, the exited modes and the scalar field are not gauge fields. Thus, the symmetry of the 5D Procas's theory is not affected by the compactification process. Moreover, we carry out the counting of physical degrees of freedom, in particular, our results reproduce those ones known for Proca's theory without a compact dimension. Finally, in order to construct the extended action, we had identified the complete set of Lagrange multipliers; it is important to remark that usually Lagrange multipliers emerge from consistency condition of the constraints. However, if the Lagrange multipliers that emerge from consistency conditions are mixed, then it is difficult to determine them from constancy conditions. In those cases, it is necessary to use the method performed in this paper;
thus, all Lagrange multipliers can be determined.
On the other hand, we develop the Hamiltonian analysis of a 5D BF -like theory plus a massive Proca's term. From our analysis, we conclude that the theory is not topological anymore. In fact, the massive term breakdown the topological structure of the BF -like term. The theory present first and second class constraints, in order to carry out the correct counting of degrees of freedom, we identified reducibility conditions among the first class constraints associated with the zero and the exited modes. The effect of the massive term is that add degrees of freedom to the topological BFlike term, just like Proca's term add degrees of freedom to Maxwell theory. Hence, in order to study the quantization of the theories under study, we have in this paper all the necessary ingredients. It is important to comment that our results can be extended to models that generalize the dynamics of Yang-Mills theory, as for instance, the models reported in [19] . In fact, in [19] there are models involving topological theories and massive terms that generalize the Yang-Mills dynamics in three and four dimensions, in this respect, our work can be useful to study those models in the context of extra dimensions.
